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Investigations of the distribution of temperature in a medium and of the
movement of a phase boundary, when initial and boundary conditions are
such that a phase transformation takes place, usually assume that the
density of both phases is the same. However, the majority of substances
undergo during phase transformation a significant variation in density
(several orders greater than the density variation resulting from heat
expansion). As examples we offer the densities of the solid Py and
liquid P1 phases of several substances.

Fe Cu Zn Al Pb Ag H,0
P2 7.88 8.9 7.19 2.69 11.0 10.6 0.91
p1 6.88 8.21 6.48 2.38 10.6 9.5 1.0

Disregarding this effect can cause inaccuracy in the solution of
Stefann’s problem. In a number of cases, however, it is not difficult to
take into account density variation resulting from phase transformation.

Below we will calculate the density variation during phase trans-
formation for Stefann’s problem in its classical presentation (for an
example, see [1 1),

Assume that the area x > 0 is occupied by a solid phase having a con-
stant temperature uy = ¢ Beginning with time t = 0, a constant tempera-
ture ¢; 1is maintained on plane x = 0. If the melting temperature of the
solid phase c, is such that ¢; > c, > ¢, then the boundary of the phase
transition in the solid phase will begin to be displaced. We will con-
sider that both the liquid and the point of application of the constant
temperature can move during the process of melting. Then, if the density
of the liquid is less than the density of the solid phase, the area
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occupied by the liquid will increase with time, not only as a con-
sequence of shifting of the phase boundary due to heat conductivity, but
also as a result of expansion.

From the law of conservation of matter, the liquid phase movement
velocity caused by the expansion will be equal to (p2/p1 -1) d€/dt;
here, df/dt is the velocity of the phase boundary movement. The task of
finding the temperature distribution in the melting and in the sclid
phase and of determining the phase boundary movement velocity, taking
into account the density variation during phase transition, comsists in
the solution of the equations:

for the liquid phase

duq A%uy P2 dt ou,
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for the solid phase
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Here, u; and u, are the temperatures and 012 and a22 the temperature
conductivity coefficlents of the liquid and solid phases. We must fulfil
conditions

uy=c¢ for x:—(%—-i)& u,=c¢ for t=0 3)
and melting front conditions
du Bug d
u1=u2=0, —k‘—071+k2W:l'p2—d_§t_ for 1‘=§ (4)

Here, kl and k2 are the coefficients of the heat conductivity of
melting and of the solid phase; A is the latest heat of melting. It is
assumed here that ¢, = 0; then ¢y > 0 and ¢ < 0. Obviously, this does
not decrease the generality of the analysis.,

The system of equations (1) and (2), with conditions (3) and (4),
permits a selfsimilar solution for z/\/t, in which case the law of phase-
boundary movement must have the form & = a\/t, where a is a certain con-
stant.

The solution of Equation (1) has the form

P2 o
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u1=A1+Bla>[2a1 o+ ;—1)271]
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The solution of Equation (2) has the form

x
= Ay 4 B® | ———
Ug 2+ By [2a2 Vl}
Using condition (3), we determine the arbitrary constants

o
Czd)[ }
a 2a ¢
A;:C;, Bl:ﬁqW’ Agz—i———%T, Bz".::'-“—'*—’—z—a—_
2a1p1 —(D{?ﬂz 1_0{ Zdzj

Condition (4) 1is used to determine the constant a; it assumes the
forn

kyey aps )2 kac a \? Vn -
o i‘ aps | P <_ 2a1py + {1 ol 2 exp ('_ 2ay ) =5 hpnt )
1% 1 a1 21— P 2q,

A solution of transcendental equation (5) always exists when ¢, >0
or ¢ < 0, since when a changes from 0 to « the left-hand part of the
equation changes from « to ~ o, the right-hand part from 0 to o. When-
ever the initial temperature of the solid phase is equal to the melting
temperature (¢ = 0), the formulas are simplified. In place of (5) we ob-
tain, for the determination of a, the equation

b enp (22 = o

APy 2a1p1
a® [24291] ’
The function from a, in the left-hand part of (6), has been tabulated
inl1 ], and the constant a¢ may be determined graphically from (8). Equa-
tion (8) differs from the equation for the determination of a in the
classical case [1 ] by the multiple p,/p,. It is mot difficult to show
that the ratio of the value a, found in (8), to the value found under
the assumption p, = p; is of the same order as the ratio Pz/Pl'

BIBLIOGRAPHY

1. Tikhonov, A.N. and Samarskii, A.A., Uravneniia matematicheskoi
fiziki (Equations of Mathematical Physics). Gostekhteorizdat, 1951.

Translated by C.E.T.



